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Abstract 

, Macroscopic observables in a quantum spin system are given by se- 

quences of spatial means of local elements 2 n+i ^27=-n 7j(^0) n £ N, i = 
1, • • • , m in a UHF algebra. One of their properties is that they commute 
, asymptotically, as n goes to infinity. It is not true that any given set of 

asymptotically commuting matrices can be approximated by commuting 
ones in the norm topology. In this paper, we show that for macroscopic 
observables, this is true. 



1 Introduction 

£f) , The infinite quantum spin chain with one site algebra Md(C) is given by the 

G\ ■ UHF C* -algebra 

VO ' c* 

A z :=(g)M d (C) , 

z 

which is the C*- inductive limit of the local algebras 

MA:=5§M d (C)| AcZ, |A|<oo 



k a ; 

Here, |A| denotes the number of points in A. We denote A\- n>n -\ by A n . Let 
7j, j € Z be the j-lattice translation. We say that a state u; is translation 
invariant if w o ^ = to for all j G Z. We denote the set of all translation 
invariant states by 5 7 . For each finite subset A of Z, we set Tta to be the 
non-normalized trace over (xIaM^C). Furthermore, we denote Trr_„ jn i by Tr„. 

Theorem 1.1 Let Ai, - ■■ , A m be self-adjoint elements in M,j(C), and define 
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for each i = 1, • • • , m, n S N. XTien £/iere exist sequences of self-adjoint elements 
Yi jU , i = 1, • • • , m, n 6 N suc/i i/iai 

Fj „ e _4„, lim ||i?i, n - Fj „|| = 0, Vi = l,---,m, 

and 

[F, n , Y,-,„] = 0, ViJ = 1, ••■ ,m. 

Following the standard procedure in statistical mechanics, we can extend this 
theorem to general translation invariant interactions. (See Appendix [Pi) 

From the Theorem of Lin |Llj . we already know that any pair of sequences 
of matrices whose commutator vanishes asymptotically can be approximated by 
commuting ones in general. Therefore, m = 2 case is already known. On the 
other hand, for to > 3, it is known that such a statement is not true in general 
[Pj . However, for macroscopic observables, because of their nice thermodynamic 
structure, we can show that the Theorem is true. 

This article is organized as follows: In section [51 we introduce the entropy func- 
tion /i associated with A\ , • ■ ■ , A m . This function gives an estimate for rank of 
projections which are concentrating at value x = (x±, ■ • • , x rn ) with respect to 
Ai, - ■ ■ ,A m (Lemma 12.31 Lemma |2~1| . In section [31 we consider a C*-algebra 
Y\ k M nk (C)/ (Bk M nk (C). For each s £ K, we define an ideal I s and investigate 
its property. We construct a tower of ideals, using the information of /j, and 
I s . By virtue of this ideal tower, in sectional we prove Theorem 1 using the 
technique developed in jEGLP] . [L"Tj . 



2 The entropy function /i(x) 

In the rest of this paper we fix self-adjoint elements A\, ■ ■ ■ , A m 6 Md{C). For 
a translation invariant state u> £ S-y(A), the mean entropy 

s(uj) := lim (a;) 

n-s-oo 2n + 1 

is known to exists fSee |BR2| ). Here, S^ n n ^ (lu) is the von Neumann entropy of 
u\a„, the restriction of cj to A n . The function S 7 (A) 3 (J M> s(uj) E K is afhne 
and upper semi-continuous, when S 7 (A) is equipped with the weak*-topology. 
Furthermore, it takes values in [0,log<i]. 

Definition 2.1 The entropy function ^ : R m — > [— cxd, +oo) associated with 
Ai , • • • , A m is defined by 

sup {s(uj) : uj € S 7 (A), uj(Ai) = Xi, 1 < i < m} , 
if {cu e S-y(A) : uj(Ai) = x t , 1 < i < m} ^ tfi 
—oo, 

if {lu G S-y(A) : uj(Ai) = x h 1 < i < m} = <p 
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By the definition, /i is concave, upper semi continuous and fJ-(x) < \ogd for all 
x G W n . We set the domain of fi by dom/x := {x G R m ■ n{x) > -co}. As 
the set {(w(Ai),-- - ,u(A m )) : uj G S 7 (A)} is in ]l™ih Pill . \\ A i\W, dom M is 
bounded. 

We denote the level sets of \x by 

X s := {x G M m : n{x) > s}, s G K. (2) 

From the upper semi-continuity and the concavity of ji, X s is compact and 
convex. Note that if x G domfi then /x(x) € [0,logd]. From this, we have 
domyu = A . Therefore, dom/u is compact. 

The entropy function \x is the Legendre transform of the free energy function p: 

Lemma 2.1 Let p : W n — > M. be a function defined by 

p(a) := logTr e^-i a * A % a G R m . 

Then we have 



p(a)= sup {(a, x)+fi{x) :xeR m }, Va G K m , (3) 



H(x) = -sup {(a, x) -p(a) : aGK m }. (4) 
Here, (a,x) is the inner product ofW n : (a,x) :— Y^iLi oti%i- 
Proof See Appendix. □ 

Later, we will need contour lines of \i which are e-dense in dom^i in the following 
sense. For e > and a set i C R™\ we denote the e- neighborhood of A by 
B e (A). 

Lemma 2.2 For any e > 0, there exists a finite sequence of real numbers s > 
Si > • • • > s n with s n < 0, such that 

s = sup{^(x) : x G IR m } < oo, 
X Sk c B £ (X Sfc _J, k = 1,-- • ,n, 
dom^i = X = X Sn . 

Furthermore, X Sa consists of one point 

xo :=(^,.-^) eR ™ 
a d 

Proof Recall that fi takes values in [-co, logci], and dom/i is non-empty. There- 
fore, s := sup{ju(a;) : x G K m } = sup{^(:r) : x G dom^u = X } is finite. As 
dom^i = Xo is compact and [i is upper semi-continuous, there exists x G R m 
such that s := ^l(xq). 
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To see that X Sg consists of one point xq, note from Lemma |2. II that fi(x) = sq 
is equivalent to —p(0) > (ct,x) — p(a) for all a £ R m . As p is a differentiable 
function, this implies X4 = g~p(0) = Tl ° d Ai ■ Therefore X so consists of one point 

■ L — \ d ' d >■ 

Fix e > 0. We claim that there exists si < sq such that X S1 C iJ e (JC ao ).: 
Assume the claim were false. Then for any increasing sequence of real num- 
bers {sk}k, Sk < so, Sk t s o, the sets X Sk n B e (X SQ ) c are not empty. Choose 
Xk £ X Sk fl B e (X So ) c for each k. By the compactness of dom/i, {xk} has a 
convergent subsequence {a^}, x 'k ~* x ^ By ^ ne u PP er semi-continuity of 
/it, we have x £ X So . However, this means x k s are in B £ (X Sa ) eventually, which 
is a contradiction. Accordingly, we obtain the claim. 

Let C be a finite positive number such that max{diam(dom/i), e} < C. Our 
second claim is that for any s < Sq, 

X s ,£B e (X s ), s - £( ^° ~ S) < W < s (5) 

holds. Let s' be a real number such that s — £ ^°J" £ S ' > < s' < s < sq. From 
the concavity of fi, we have (1 — i)x + tx a £ X/i_ t \ s i +tso for any x £ X s i and 
< t < 1. As 

\\x - ((1 - t)x + tx )\\ < t \\x - x \\ < tC, 

this implies 

X S f C BtciX^^^+t^), 

for any t £ [0, 1]. Note that j^rC < e, if s - E( ff_~ s) < s' < s. Therefore 
setting t := ^7 6 [0, 1], we obtain X s , C B s C (X 8 ) C S £ (A S ). 

SQ-S 1 

Now we define Sk '■= Sq — ( £^-7 J ■ (so ~ s i)i fc > 1. These satisfy 
Sk = Sk-i — ■ (so — s fe-i) < s k < s fe-ij k > 2. Therefore, by the above 
claim, we get X Sk C B e (X Sk _ t ). As > 1, there exists n £ N such that 
s n < 0. For this n, we have dom/i = X = X Sri .D 

One important property of the entropy function p, is that it gives an asymptotic 
estimate for rank of projections. We first give the upper bound: 

Lemma 2.3 Let C be a nonempty compact convex subset of R m , {ftfcjfcLi 0, 
subsequence o/N, and {pk}kLi a sequence of projections in A such that pk £ 
An k , k £ N. Suppose that for any e > 0, we have 

( Tr nkPk H hnk Tr nkPk H„ hnk \ 
V ^n k Pk Tr nkPk J 

eventually. Then we have 

limsup - — 1 —— - logTr„ fc p fe < sup{^(a;) : x £ C}. (6) 
k Zn k + i 
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Proof First we claim 

lim sup - — - — - log Tr nk p k < inf {sup {p(a) - (a, x) : x G C} : a G M m } . 
k 2n fe + 1 

(7) 

To prove this, we use an argument in jDM Nl . Fix a G M. m . By the positivity 
of the relative entropy, we have 

< Q( Pk 1 

- { Tr nkPk ' Tr nfc e( 2 ™*+ 1 )^r= 1 «i-^.« fe j " 

From this, we obtain 

— logTr nfc p fe < p(a) - 2^ — • 

^— 1 K 

By the assumption, for any e > 0, we have 

a, — ^ > mf{(a, x) : x G C e }, 

j=l ^ r n k Pk 

eventually. Therefore, we get 

lim sup- — logTr nfc p fc < p(a) - inf {(a,x) : x G CJ, 

k 2n k + 1 

for all e > 0. Taking e — > limit, we obtain 

lim sup- — - — -logTr„ p k < p(a) — inf {(a,x) : 2; G C} = sup {p(a) - (a, x) : x G C} , 
fc 2n fe + 1 

for all a G K m . From this we have 

lim sup logTr„ p k < inf {sup {p(a) — (a, x) : x G C} : a G R m } . 

fe 2nfc + 1 

(8) 

The last term in © can be written as 

inf {sup {p(a) - (a, x) : x G C} : a G M m } = - sup {inf {(a, x) - p(a) : x G C*} a G K m } . 

(9) 



From Sion's lemma |Snj . we have 

sup {inf {(a, x) - p(a) : x G C} a G R" 1 } = inf {sup {(a, x) - p(a) : a G R m } x G C} . 

By the equality @, the last term is equal to inf {— /z(x) : x G C} = — sup{/i(x) : 
x G C}. Combining this and ©, we obtain ([5]). □ 

In order to prove the lower bound, we use the following Theorem from [BKSS 
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Theorem 2.1 QBKSS]) Let cu be an ergodic state over A. and define 

A;,nM : = min{logTr„g : q G Proj(Ai), u(q) > 1 - e} , 
/or eac/i < e < 1. TTien we /lave 

rn-oo Zn + I 
The lower bound is given as follows: 

Lemma 2.4 Let t/i, - • • ,U m be open subsets o/ R, {n^} a subsequence of N, 
and i sequence of projections with pk G A Ukl k G N. Suppose that 

lim ||(1 -pk)fi(H ltnk ) ■ ■ ■ f m {H m .n k )\\ = lim ||/i(-ffi,„J • • • / OT (-ff m , n J(l - p k ) 

k-^-oo k— too 

(10) 

/or continuous functions /i, • • • , / m oi>er R wzt/i supp/i C t/j, i = 1, • • • , m. 
TTien rae /iaue 



lim 

ft 



inf 2nl+ 1 l0g Tr "<^ fc - SUp j : x G II ^ J 



Proof First we show lim/ c _ i . 00 uj{pk) = 1, for any ergodic state cj over „4 with 
w(Aj) g f/j, i = 1, • • • , m. Let fx, ■ • • , f m be continuous functions over R with 
< /i < 1, fi{uj(Ai)) — 1, and supp/i C From von Neumann's ergodic 
Theorem [Smj . by the ergodicity of w, we have 

ni 

lim w (/i (#!,„) • • • f m (H m , n )) = TT = 1. 

71— >OC A A 



From this and the assumption (|T0|) . we have 

1 = lim inf \ui (fx(Hx,n k ) ■ • • /m(-ffm jrl J)| < lim inf |cj(pjfe/i(ifi,n fc ) • • • fm(H m ,n k )pk)\ < lim inf w(pk). 

fc— >-oo fc— >oo fc— >oo 

We thus obtain lim^oo co(pk) = 1- 

Let cj be an ergodic state with E {/;, i = 1, ■ • • , m. The above assertion 

means for any < £ < 1, co(pk) > 1 — £ for fc large enough. We thus have 
/3 £nk (uj) < logTr„ fc pfe eventually. Applying Theorem 12. 11 we have 

s(w) = liminf 2ra + i <gg '"^ - lim fc inf 2 l°S Tr « fc -Pfc- ( n ) 

Now we claim that this inequality can be extended to general translation in- 
variant states. To do so, we use a standard technique in statistical mechan- 
ics. (See [Smj . [BR2 ) : Let lu be a translation invariant state with oj{Aj) G Ui, i = 
1, • • ■ , m. Define a translation invariant state Ql, by 



je [-£,£] 



G 



for each L G N. It is well known that w_l is ergodic and u>l — > w in weak*- 
topology of S~f(A). In particular, uj^Ai) 6 f/j, i = 1, ••• ,m eventually, as 
L — >• oo. Furthermore, the mean entropy s(Ql) o£l)l is equal to gjqrf ffi-L.T,] (^0' 
where Sr-in (w) is the von Neumann entropy of ^j^. 
Applying (fTTj) for the ergodic state w^,, we get 

2lVi S[ - £ - £lH = s( ^ l) " " 2^TT logTr ^- 

Taking L — > oo limit, we obtain 

sH - lim fc inf 2^TT logTr "^ fc ' 

This implies the result. □ 

3 An ideal tower in ]\ k M nk (C) / M nfc (C) 

Let {nfe}^ be a subsequence of N. We fix this sequence in the rest of this section. 
Define a C* -algebra B by 

B :=\\_M nk {C) = j(x fc ) : sup ||x fc || < oo, x k G M nk , k e n| , 

and its closed ideal D by 

D := © fc M„ fc (C) = ((a; fc ) £B: lim ||z fe || = 

I fe— > oo 

For each i = 1, • • • , m, (Hi^ nk ) is a self-adjoint element in £?. We denote the 
quotient map from B to A := B/D by tt. The C*-algebra A has real rank zero. 
It is well known that for any projection p in A, there exists a projection (p&) in 
B such that 7r((pfe)) = p. Similarly, for any partial isometry v in A, there exists 
a partial isometry (vk) in B such that 7r((Wfe)) = u. (See Theorem 1.3 |L2j .) 
Take i? > maxi—x t ... >m \\Ai\\ and define a compact subset X of R m by X := 
YYiLii—RjR]. Note that X s — {x G X ; /x(:c) > s}. As the sequences Hi, n , i = 
1, • • ■ ,771 mutually commute asymptotically, i.e., 

lim || [if in , .#,•„] || =0, i,j = 1, ••• ,m, 

n— > oo 

we have 

W((H iink )),ir((H jink ))} =0, i, J = 1, - • - ,m. 
Therefore, we can define a *-homomorphism ip : C(X) — > A by 

:=/(7r((F lin J),-.. )7 r((# ro , n J)), f€C(X). 
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For each i = 1, • • • , m, define hi £ C(X) by 

h%(x) Xi j X , • • • , X m ) . 

Clearly, ip(hi) = Tr((H i>Tlk )). 

We define a closed subset S of X as follows : x 6 5 iff for any neighborhood [7 
of x, there exists / £ C(X) with supp/ C U such that </?(/) 7^ 0. 



Lemma 3.1 



dom/i = S. 



Proof To prove S C dom/i, let a; e 5. Fix e > 0. We first prove that there exists 
a translation invariant state w e such that (u> s (Ai), ■ ■ ■ ,uj £ (A m )) 6 i? 4ev ^;(a:). 
By Lemma IA.11 there exists a projection p m A such that 

where (p : C(X)** — > A** is the extension of (p. Let (pk) be a projection in B 
such that 7r((pfc)) = p. 

From the definition of p, we have — Xip\\ < 3e. This implies 



{Hi,n h ~ Xi)pk\\ < 3e, 



(12) 



for k large enough. By the assumption x <E S, there exists / € C(X) with 
tp(f) 7^ and supp/ C B e (x). We may assume < / < 1. As < / < 1-g 



we have < ip(f) < <p(l"g ) < P- From this, there exists a positive element 

(dfc) in B such that < < pk Vfc, and 7r((a.fc)) = ip(f). As 7r((afc)) = y>(/) 7^ 0, 
there exists a subsequence (ak M )M of (a*) such that a,k M ^ 0, for all M. Let % 
be a state over A nkM with a density matrix — — — , and define a translation 

invariant state wm by 



Tr„, a k 



Then we have 



2n k , 



E 



je[-n fc „,n fcll .] 



W M (A) = U) M (Hi, nkM ), 

for all i = 1, • • • , to. On the other hand, from (fT2"j) . we get 



um{H. 



h™k M . 



for M large enough. Hence, we obtain 

|wAf(Ai) -Xi\ < 4e, 



< 



(Hi^k 



< 4e, 
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for M large enough. We define uj £ :— ujm, for such large M, and the claim is 
established. 

Next, we consider the net of translation invariant states {w e } £ >o taken as above. 
As the space of translation invariant states S 7 (A) is wk*-compact, the net 
{oj £ } £ has a convergent subnet {u> e >} S ', (A), in wk*-topology. As 

(u> e (Ai), ■ ■ ■ ,u> e (A m )) G Bs(x) eventually for any 8 > 0, we have 

u>(Ai) =Xi, i = !,•■■ , m. 

Hence we obtain a translation invariant state oj with uj(Ai) = Xi, i = 1, • ■ • , m. 
This implies x G dom/i. We thus obtain S C dom^. 

Next we prove dom^i C S. Let a; G S c . By the definition of S, there exists an 
open neighborhood U of x such that <p(f) — for all / G C(X) with supp/ C U. 
We claim ^i(x) = — oo. Assume n(x) G K. Then, there exists cj G S 1 (A) 
such that = Xi, i = 1, • • • ,m. Define p := <S>u\a - This state is an 

ergodic state with p(Ai) = uj(Ai) = Xi, i = 1, • ■ • , m. Choose e > and G 
C([-R,R]), i = I,-- - ,m, so that 5^ e (x) C [/, and = 1, /ils^) = 

0, < U < 1. Then / G C(X) given by 

/(y) == Ji(yi) • ■■f m (y m ), y = {yi, ■•■ ,y m ) e J|[-i?,i?] = x 



has its support in B^ E (x), hence in [/. Therefore, by the assumption we have 

= ¥>(/) = /l(7T((ffl, n J)) • • • / ro (7T((tf ro ,„J)) - 7T ((/l(#l,„J • • • / m (ir m ,„J)) • 

This means 

lim /i(i?i, n J • • • f m {H m ,n k ) = 0. 
On the other hand, by the ergodicity of p, we get 

= limp(/i(i2i in J • • • f m {H m ,n k )) = h{p{M)) ■ ■ ■ fm{p(A m )) = fl{X!) ■ ■ ■ f m (x m ) 

which is a contradiction. Hence we obtain p(x) = — oo. □ 

Given C* -algebras Ai, A2 and a *-homomorphism p : A\ — > A2, we extend 
p naturally to a *-homomorphism from Mjy(Ai) to Mn(A 2 ) for each N G N, 
and denote it by the same symbol p. 

Proposition 3.1 For each s G M. m , define a set of projections S s in A by 

1 

2n k + 1 

and let I s be the closed ideal of A generated by S s . Then the following statements 
hold: 

(i) For any p G Proj(A) ; p is in the ideal I s iff 

lim sup 1 logTr„ fc p fc < s, 
k 2n k + l 

for all (pk) G Proji3 such that p = n((pk))- 



S s := \ e e ProjA : 3(e k ) G Proj(B) s.t. e = n((e k )), limsup — — — logTr„ fc e fc < 
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(ii) For allN G N and p G Proj(M N (I s )), 



limsup — logTr„ fc p fe < s, 

k Zn k + J- 

for all (p k ) £ ProjMjv(-B) swc/i that p = Tr(p k ). 

(iii) Le£ p be a projection in A, and suppose that there exists (p k ) £ Proj(B) 
such that p — 7r((pfc)) and 

liminf - — logTr„ fc p fe > s. 
k 2n k + 1 

TTien for any N 6 N and g G Proj(Mj\r(/ s )) ; we /lave 

(iv) For any x G X s and its open neighborhood U in X , there exists a continu- 
ous function g G C(X) with g\jjc = 0, < g < 1, satisfying the following 
property: for any p G Proj(^4) such that < ip(g) < p and {jpk) € Proj(-B) 
with p = ir((pk)), we have 

liminf - — ^— — logTr Ilfc p fe > s. 
2n k + 1 

(v) If g G C(X) satisfies g\x s = 0, f/ien <^(g) G / s . 

(vi) J/s < 0, then I s = {0}. 

Proof (i)The "If part is trivial. To prove the "only if part, we first note, as 
shown in |L2j . that e G S s iff limsup 2n t+i Tr„ fc efc < s for any (e/.) G Proj(-B) 
such that e = 7r((efc)). This follows from the fact that for any (e k ),(f k ) G 
Proj_B with n((e k )) = 7r((/fe)), e k ~ /fc holds eventually as fc — ► cxd. From 
Proposition 1.13 of |L2] . for any p G Proj(J s ), there exist finite number of 
projections ei, ■ ■ • , e; in 5 S such that p < eiffi-- -©e; in Mi{I s ), Let u G Mi t i(I s ) 
be a partial isometry such that 

w* = p, < ei © • • • ej. 

For this y, there exist (p k ) G Proj(B), (q k ) G Proj(M/(S)), and (w fe ) G M ltl (B) 
such that p fc = v k v'l,vlv k < q k , ir{p k ) = p, ir{q k ) = e\ © ••• © ej, and 7r(wfe) = 
u. This can be proven by the same argument as Theorem 1.3 of |L2) . As 
6j G <S S , i = 1, ••■ ,i, there exists (e\) G Proj(S) such that 7r((e|)) = 
with limsup fe 2n ^ +1 logTrjj^e^, < s. For these {e l k ), we have 7r(eJ, © ■ • • © e l k ) = 
ex © ■ • • © e; = Tr(q k ). Therefore, for fc large enough, we have 

i 

Tr„ fc p fc = Tr nk vlv k < Tr„ fe q fc = ^ Tr„ fc (e l fe ). 
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From this, we obtain 

1 1 1 \ 

lim sup — log Tv nkPk < lim sup — log V Tr„ fc e\ = max lim sup — log Tr„ fc e\ < s. 

fc Zn k + 1 fc Zn k + 1 f— ; ' i<i<i fc ^fc + 1 

i=X 

This means p£5 s . From the assertion at the beginning of the proof, we obtain 
the claim. 

(ii) Using the fact that Mm{I s ) is the closed ideal of Mn(A) generated by := 
{(ei © • • ■ © ejv) : &i G <S S }, proof of (ii) is the same as that of (i). 

(iii) Let p and q be as in (hi). From (ii), for any projection (q k ) in M^{B) with 
<7 = 7r((5fc)): we have 

s := lim sup - — — - logTr Ilfc gfc < s. 
fc 2n k + 1 

With this and the assumption on p, we get 

liminf 1 log > liminf 1 logTr„ fc pfc - lim sup \ logTr Ilfc gfc > s - s > 0. 

fc 2rifc + 1 lr„ fc q k k 2n k + 1 fc 2n k + 1 

This means Tr nk p k > Tr nfc gfc, hence q k < pfc for fc large enough. Therefore, we 
have q < p. 

(iv) For a; G X s C dom/i and its open neighborhood U in X, there exist open 
subsets Ui, i = l,-- - ,m of with x G J]™ i ^ C f7, and g G C(X) 
satisfying < g < 1, g| j-j m [/ . = 1, c/|[7^ = 0. We prove that this g enjoys the 
required property. For any /, G C(R) with suppfi C C/^, we have (1— (?) nl=i /»° 
^ = and thus (1 - tp{g)) Uti fM(Hi, nk ))) = (1 - ¥>(<?)) Uti <P(fi ° &i) = 0- 
Now, for any p G Pioj(A) with < tp(g) < £>, we get 

m 

(l-p)II/i(T((fli,nJ))=O s 
»=1 

from 

< (7T (/!(^l,„J • • • jUiWj))* (1 -P) (7T (/l(#l,„J • • • fm{H m , nk ))) 
< (7T (/l(ffl,„J • • • f m {H m ,n k ))T (1 - ¥>($)) (7T (/l(ffl,„J • ' • fm(H m , nk ))) = 0. 

For any projection (pfc) in B with 7r((pfc)) = p, this means 



lim ||(1 -p k )h (H 1>n J • ■ • / m (ff m , n J|| = 0. 

k 



Similarly, we have 



lim ||/i(ffi, n J ■ • • f m (H m , nk )(l - Pk )\\ = 0. 

k 



Applying Lemma 12.41 we obtain 



^ m 

liminf — - - logTr„ fc pfc > sup{^i(y) : y G JT Ui} > fj,(x) > s. 
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(v) Let x be an element in X^ n X, and e > a positive number such that 
Bcj e (i) C Let g 6 CpO be a function < g < 1 with suppg C B e {x). 
We prove <p(g) G I s . It suffices to consider the case ip(g) ^ 0. 
From Lemma I A. 11 there exists a projection r in A such that <p{g) < </?(l S uppg) < 
?" < < p(ls e (x))- For this r, we have 

|K(((^„ fc - x*)r k ))\\ = - a:V|| < e, (13) 

where (r^) is a projection in B such that r = 7r((rfe)). As 95(5) ^= 0, we have 
r^O. Therefore, there exists a subsequence {rfc M } of {r k } consisting of all the 
nonzero projections in {rk}. For this subsequence, and for any 6 > 0, 

/ Tr rlf . 77. , . -ff 1 „ fc Tr n , r kM H m n . 



Tr„ fc TkM Tr n( . rfc s 



eventually from (|13[) . Therefore from Lemma 12.31 we obtain 
1 



limsup — logTr n)c r nfc < sup{/i(x) : x G B^ E {x)}. 

k 2n k + 1 v 

By the upper semi-continuity of fi, we have 



sup{fi(x) : a: G B^ e (x)} < s. 
This means r <E I s . As 93(5) < r, we have ip(g) G / s . 

General cases follow from this, using partition of unity and approximation of g 
with continuous functions with supports in X%. 

(vi) Assume s < 0. If I s ^ {0}, then there exists a nonzero projection e G 5 S . 
Let (efe) G Proj(_B) such that e = Tr{e k ) and 

limsup- — — — -logTr^ejfc < s. 
k 2n k + 1 

As e 7^ 0, there exists a subsequence (e' k ) of (e k ) such that Tr nfc ,e' fc > 1. There- 
fore, we have 

s < < lim sup — log Tr„ fc e k < s, 

k 2n k + 1 

which is a contradiction. Therefore, I s = {0} □ 
Now we construct an ideal tower. 

Proposition 3.2 Let rj > be a positive number. Then 

(i) There exists a finite sequence of real numbers Sq > S\ > ■ ■ ■ > s n , such that 

s = sup{fi(x) : x G M m } < 00, s n < 0, 
X Sk C B ri (X Sk _ 1 ), k = l,---,n, 
dom/i = Xq = X Sn . 
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Furthermore, X Sk , k = 1, • • • , n are compact and convex, and X So consists 
of one point 

IO ;=(M,...^ )er . 
a a 

(ii) For so, • • • , s„ in (i), there exist points Xij £ X, i = 0, • • • , n — 1, j — 

1. • • • , U with Xij ^ Xi'ji for {i,j) (i' ,j r ), such that 

X^ e X^XXg^, i = 0, 1, ••■ ,n- 1, j = l,-- - 

where we set X S l := (f>. For each k = 0, • • • , n — 1, the set {Xij : i — 

0, • • • , k, j = 1, • • • , li} is 1r\-dense in X Sk+1 . Furthermore, 1$ — 1 and 
X SQ = {A i}. 

(iii) For {Xij} in (ii) and any f3 > 0, there exist mutually orthogonal projections 
{rij : i = 0, • • ■ , n— 1, j = 1, ■ • • , li} in A with rij e Zs^i , i — 1, ■ ■ ■ , n — 

1, 1 — roi G I So , satisfying the following conditions: for any g € C{X), 



rij<p(g)n<j> = 0, ^ (i'j'), 

\\<p(9)nj -g(*ij)nj\\ < sup{|#(0 -g(Xij)\ ■. \C-\j\ </3,CeX} 



(14) 



ici /or a projection r := rij, we have 



<p(9)r-^2g(Xi 



< sup { |.g(C) -5(A) | : |C-A| < j3, C,AeI}. 

(15) 



Furthermore, for each i = 0, • • • , n — 1 , j = 1 , ■ • • , / j, £/iere exists a projec- 
tion (rfj) in B with 7r((r*j)) = r,-j, swc/i £/iai 



liminf 1 logTr^r^ > 
2nfe + 1 J 



(16) 



Proof (i) is proven in Lemma 12.21 To prove (ii), choose for each k = 0, • • • ,n— 1, 
a finite set of elements -Bfe := {Cj fe '}j = i,... ,m k in -A'.,,, which is 77-dense in the 
compact set X Sk . As X Sk+1 C B v {X Sk ), Ek is 277-dense in Af Sfe+1 , k = 0, • • • ,n — 
1. Define A* := (u™!^) n (X Si \X Si _J, i = 0, ••• ,n - 1. Then we have 
A, C X Si \X Si _ 1 and U^ =0 Ai is 2r;-dense in X Sk+1 . Labeling elements in Aj as 
Aj = {Xij}j—i r .. for each i = 0, • • • , n — 1, we obtain {A^} which satisfy the 
conditions in (ii). 

Now for an arbitrary /3 > 0, we construct projections {r^} in (iii). Fix <5 > so 
that 

8 < \ min{|Ay - X V y \ : (ij) ± (i'j')}A^ min { Ae |ni ~ M) ■ * = !,•••> n-l}A~i]A~l3. 
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For each i = 0, • • • , n— 1, j = 1, • • • , /j, by Lemma [A. 11 there exists a projection 
7"ij in A such that 

^(%(A"y) ^ r a ^ v^b^x^))- (17) 

As B2s{\ij) C\ B 2 s{K' j>) — 4> f° r 7^ these inequalities imply that {r^} 

are mutually orthogonal, and (fl~4|) . (TT5l hold. 

To see £ ^s 4 _d i = lj ' • ' !" — 1, let 5 6 C{X) be a function such that 
< g < 1, g| _e 25 (A ) = 1' sl-BaatAij) =0. As (5 is taken small enough so that 
X Si _ 1 C B 3 s(Xij) c , we have <7|x s = 0. From Proposition l3.il (V). this implies 
ip(g) G Is,-!- By (fT?)) . we have 

Hence we obtain r.y G -^s»-i- To see 1 — roi G / So , define a. G C(X) to be a 
function such that < g < 1, (a i) = ^' 5lsa(A i) c — 0- Then we have 

(1 — g)\x SQ — 0. Therefore, by (v) of Proposition 13. 1[ we obtain ip(l — g) G I So . 
This and the inequality ip(g) < ip(lj^j—j) < roi implies 1 — roi G I So . 
To show (dU), we apply (iv) of Proposition 13.11 to Ay G X Si , Bg(Xij), and 
obtain g G C(X) such that = 0, < g < 1. As < ip{g) < 

y(l g< (a- ■) ) — r *i' there exists a projection (r^) in such that ry = 7r((»y)) 
and liminf 2ra * +1 log Tr nk r^ > Sj. □ 



4 Proof of Theorem 11.11 



In this section, we prove Theorem ll.il 

Definition 4.1 Le£ X fee a compact metric space. For a finite subset J- of 
C(X), we say that X satisfies the condition Djr if for any e > 0, there exist a 
positive number S :— Sd(s, J-, X) > and a positive integer N := iV-p(e, J- 1 X) 
satisfying the following: For any unital C* -algebra B, unital *-homomorphism 
<p : C(X) — > B and a projection p G B satisfying 



WMf) ~ <p(f)p\\ < v / e ^ 

i/iere exist to, r G N, £j G X, j = 1, • ■ • , m, Xi G X, I = 1, 
of mutually orthogonal projections pj, G Proj(AI n (pBp)) j = 1, 
Proj(M A r + i(pSp)) I = 1, ■ ■ ■ ,r with 



, r, two sets 
, to and qi , G 



for all f E J-. 



22 Pj - 1 M N (pBp), 

i=i 



A/a 



i=i 



9/ 



i (pBp) 



< e, 
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Theorem 4.1 QEGLP]) Consider the compact metric space 

7" = [-l,l]x[-l,l]x--.x[-l,l], 

and let J- :— {gi,--- ,g m } be a set of generators of C{I n ). Then I" satisfies 
condition T>jr. 

Now, a nonempty compact convex subset in R m is homeomorphic to P for some 
< I < m. Therefore, each X Sk 1 < k < n in Proposition 13.21 satisfies the 
condition X>jf|x f° r = {•"•) ^l> " ' > ^m}- 

The following Lemma can be proven following the idea of |GL] . We give a sketch 
of its proof in Appendix. 

Lemma 4.1 Let X be a compact metric space and Xq, • • • , X n a finite sequence 
of its closed subsets such that 

{x } = X C Xi C • • • C X n C X, 

where xq is an element in X. Let J- be a finite subset of C(X), and assume 
that each X%, k — 1, • • • , n satisfies the condition Djr k for Tk '■= {.f\x k f € 
J-} CC C'(Xk). Furthermore, let A be a unital C* -algebra with real rank zero 
and Lq, ■ ■ ■ , L n a finite sequence of its closed ideals with 

{0} = /„ c • • ■ c h C Jo c A, 

where Ik+i is an ideal of Ik for k = 0, • • • , n — 1. Let Hk '■ A A/ Ik and 
TTk.k+i '■ A/Ik+i — > Aj Ik be the quotient maps. 

Suppose that there exists a unital *-homomorphism ip : C(X) — > A satisfying 

Tr kO( p(g)=0, if g\ Xh = 0, g € C(X), (18) 

for each k — 1, ••• ,n. Then for any e > 0, there exists a positive number 
S = St{s, J~, {Xk}k=o) > satisfying the following: if p is a projection in A 
with 

n (p) = l, ||fr>(/),p]||<*, V/£J, (19) 

then there exist a sequence of positive integers Nq, • • • , N n ^\ £ N, *-homomorphisms 
h k : C{X) -»• M Nk (I k ) k = 0, • • • ,n-l, and H : C(X) -> M Na+ ... +Nn _ 1+1 (A) 
with finite dimensional range, such that 

\\Pv(f)p®h (f)(B---®h n -i(f)-H(f)\\<e, VfeT. (20) 

Furthermore, hk and H are of the form 

3=1 

p k] € Proj(Afjv fc (4)) j = 1 • • • L k , mutually orthogonal, 
feeXw. L k E N, k = 0,--- ,n- 1, 
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and 



qi G Proj(Mjv -| |_jv n _!+i(j4)), i = !,■■■ L, mutually orthogonal, 

C< ex, LeN, 



with 

L Vi L 

j=l j=l i=l 

Here, we used the notation p := 1 — p. 

Combining all the results so far obtained, we can show that cp can be approxi- 
mated by a *-homomorphism with finite dimensional range: 

Theorem 4.2 For any e > 0, there exists a unital *-homomorphism G : C(X) — > 
A with finite dimensional range such that 

\Mf)-G(f)\\ <e, for all /e T = {L>i, • ■• ,h m }. 



Proof We follow the argument in |GLj . Fix e > 0. As X is compact, there exists 
r) > such that |/(C) - /(A)| < § for all / e J" and (,X e X with |£ - A| < 2rj. 
For this n > 0, we can find a finite sequence So > Si > • • • > s n of real numbers 
and Xij G X satisfying the conditions in (i) and (ii) of Proposition 13.21 Put 
X k := X Sh , k = 0, • • • ,n. 

Each Xk = X Sk , 1 < k < n in Proposition 13.21 satisfies the condition T>f\ x = 
PjF| Xfc for T . For the unital C*-algebra A, we obtain an ideal tower {0} = 
I n C • • • C Ii C Jo C A where Ik := I Sk , k = 0, • • • , n. Note that Ik+i is an 
ideal of Ik- By s n < 0, we have I n — I Sn — {0} from Proposition 13.11 (vi). Let 
7Tfc : A -> A/Jfc, 7Tfc !fc+ i : A/h+x ->■ A/Jfe, fc = 0, • • • , n - 1 be the quotient 
maps. By Proposition 13.11 (v), we have Tr k o <p(#) = 0, for all g 6 C(JT) with 
ff|x fc =0, for each k > 1. Applying Lemma 14. 1| we obtain a positive number 

As X is compact, there exists (3 > such that |/(C) — /(A)| < |<5t(§, {X fe }£ =0 )A 
^, for all / e T and C, A £ X with |C - A| < 0. 

For this /3, applying Proposition 13. 2[ we can find mutually orthogonal projec- 
tions r,-j G Proj(A) satisfying conditions in (iii) of Proppsition 13.21 By the 
choice of (3, we have 



(22) 
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where we put r := J^ . r^-. From this inequality, we get 

llb(/),r]||<^T(| ) J-,{X fe }^ =0 )A|<^(| J J-,{^ =0 ), V/eJ. (23) 

Furthermore, we have 7i"o(r) = 1. Applying Lemma 14.11 we obtain a sequence 
of positive integers Nq, ■ ■ ■ ,N n _i E N, *-homomorphisms hk ■ C(X) — > 
M Nk (I k ), k = 0, • • • ,n— 1, and H : C(X) -> M No+ ... +Nri _ 1+1 (A) such that 

\\r l p(f)f®h (f)®---®h n -i(f)-H(f)\\ < |, V/6J-, (24) 

with f = 1 — r. Furthermore, /ifc and H are of the form 

h k(f) = ^2f(€kl)pkh 
1=1 

Pki £ Proj(MjVfc (4)) I = 1---L k , mutually orthogonal 
faeXk+i, L k eN, fc = (),••• ,n-l 

and 

L 

#(/) = £/&)«< 
i=i 

qi E Proj(A/jv oH ^jv n _ 1 +i(v4)), i = 1, • • • L, mutually orthogonal 

( t ex, LeN, 

where the projections satisfy 

3 = 1 3 = 1 «=1 

Now recall that for each k — 0, • • • , n — 1, the set {Ay}i=o,... * j=i,... ,/< is 277- 
dense in Xfc+i. Therefore, for each £jy S -Xfe+i, we can find Xi>j> with < i' < k 
such that 

\Xi'j> -$w| < 2ry. 

By the choice of ry, this means 

max{|/(A^,) -/(£«)! : / e T} < |. 

Choose such Aj<y for each and denote it by A(£jy). Let qfj E Proj(Mjv fc (A)), 
fc = 0, • • • , n — 1, i = 0, • • • , n — l,j = !,••• , U be projections given by 



q% := <; / : Ali,,)-A. ; 



0, i > k + 1 
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As each pu is in Mjq k (Ik), q*j is in Mjv fe (Jfc) as well. Note that 



fc U 



fc h 



E «« = EE^ = EE E 

i=0,- ,n-lj'=l,- ,/i i=0i=l i=0 j=l i . A(^ fci )=A,j * =1 



For each k = 0, ■ • • , n — 1, we define a *-homomorphism ft/ fe : C(X) — > Mjv fc (/fc) 
by 



fc Z; 
i=0 j=l 



E p« hEE»(^ 5 6C(x). 



\2 : A(£m )— Ajj 

From the choice of A(£fej), we have 

\\hk(f) ~ h' k (f)\\ = max{|/(C fc - /(A(&0) 



i=0 3=1 



1 = 1,-. • ,L4 < -, V/6 7. 

(26) 



Define mutually orthogonal projections Qij, i = 0, ■ • • ,n — 1, j = 1, • • • Zj in 

M A r 0+ ... +A r„_ 1 (A) by 



o © • • • © q e 4- © © • ■ • ^T 1 - 



(27) 



As 4 is in Mjy k (Ik), Qij is in the ideal Mjv _| MV»-i(^t)- For this have 



i=o j=i 



•K-iia), 



(28) 



for all g 6 C?P0- Furthermore, we have 

r^J^Qv = f ©E Po/ © ' ' ' © ' • -E^™- 1 ^ =E* = i/ ( 1 )- 

zj* i i % 

From (HU, d2BJ, and (J2SJ, we obtain 

»-l (j 

r<p(f)f ©EE f(^ij)Qi3 _ #(/) 
4 =0 j=l 



(29) 



Now, recall that for each r^, there exists (r^) 6 Proji? with r«j = 7r((r^)), 
which satisfies 



lim inf ■ 



1 



■logTWf, > s * 



fc 2n fc + 1 6 nfc ij 

Then by (iii) of Proposition 13. 11 for any N € N and any q 6 Proj(Afjv(/i)), we 
have 

9 ^ Uj. 
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In particular, we have 



)ij ^5 r ij- 



This means there exists a partial isometry Vij G Mi.jv h |_jv„_i(-^-) such that 

r 'ij ■= v ij v *j < r ij, Qrj = v* 3 v 2j . (30) 
Let v be a partial isometry given by 

v ■= ^'' X ' ' j € M 1>No+ ... +Nn _ 1+ i(A), 

and define G : C{X) -> A by 

G(/) := W tf(/K + ]T f(\j)(fij ~ r' tJ ). 
ij 

It is easy to check that G is a unital *-homomorphism with finite dimensional 
range. 

By (I25J), ([23J and @, we obtain 

||^(/)-G(/)||<e. V/G.F. □ 

Proof of Theorem \1.1\ 

The proof is by contradiction. Assume the assertion were false. Then there 
exists e > and a subsequence {nfc}fc of N such that 



inf < max ||i?i,„ fc - A^„J| : [X ink ,X jnk } = 0, X itflk G (An k ) sa , i,j =!,■■■ ,m 

I l<i<m 

(31) 

Applying Theorem 14.21 to this subsequence {rif.}k and A = Y\ k M nk (C)/ © 
M nk (C), we obtain a unital *-homomorphism G : C(X) — > A, with finite di- 
mensional range such that 

h(f) - G{f)\\ < ~ V/ G j- = {l,/ii, • • • , h m }. 

We can represent G as 

G(g) = J29(Q)Qj, 9&C(X), 

3=1 

where ^ G X, and mutually orthogonal projections Qj in A. From Lemma |A.3[ 
there exist mutually orthogonal projections (Qj) in B such that Qj — 7r((Q|)), 
and £\ = l Aifc . By <p(hi) = n((H ijnk )), we get 



M 
3=1 



Mhd- G(hi)\\ <|, 
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This means, for k large enough, we have 



max 

Kz<m 



A/ 



H it n k - hi((j)Q 



<2' < = 1 ' 



Define X, & by 



A/ 



Then we have sequences (Xi,fc)fc, • • • , (X m ^)k such that 

[Xj ifc ,x,- !fc ] = o, A i:fe e (Aj fe ) sa , 

and 



max \\H i<nk -X iik \\ < -, 

Ki<m L 



eventually. This contradicts (1311) . □ 
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A C*-algebra of real rank zero 

In this section, we list the results on C*-algebra of real rank zero that we use. 

Lemma A.l Let X be a com/pact metric space, A a unital C* -algebra with real 
rank zero, and tp : C(X) — > A a unital *-homomorphism. Then for any closed 
subset V of X and open subset U of X with V C U , there exists a projection r 
in A such that 

£(lv) <r<<p(lu). 

Here, (p is the homomorphism from C{X)** to A** given as the unique extension 
off. 

Proof See [B]. □ 

Lemma A. 2 Let A be a unital C* -algebra with real rank zero, and I a closed 
ideal of A with quotient map n : A —> Aj I . Let h be a positive element in A 
with Tr(h) 2 = ir(h), and B a hereditary C* -subalgebra of A generated by h. Then 
there exists p € Proj(_B) such that 7r(/i) = 7r(p). 

Proof See [Z]. □ 
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Lemma A. 3 Let A be a unital C* -algebra with real rank zero. Let I be a closed 
ideal of A and n : A — > A/ 1 the quotient map. Then for any mutually orthog- 
onal projections {pi}fLi * n A/I, and a projection p in A with pi < ir(p), I = 
1, • • ■ , N, there exist mutually orthogonal projections pi £ A, I = 1, • ■ • , N such 
that ir(pi) = pi and pi < p. Furthermore, if n(p) = ^2iPi, Pis can be taken to 
satisfy J2iPl = V- 

Proof See [Li]. □ 

Lemma A. 4 Let A be a unital C* -algebra with real rank zero. Let I be a 
closed ideal of A with quotient map it : A — > A/L. Let {pi}fL 1 be mutually 
orthogonal projections in A, and put p := X^iPz- Then for any 6 > and 
xi, ■ ■ ■ , x m £ pAp with 

h[xi)\\ < 6, i = l,..-,m, (32) 
there exist e £ Proj(J) and e; £ PiO](piIpi) such that 

N 

e — '^^ei, \\xje — exj\\ < AS, ||(1 — e)xj(l — e)\\ < 26, j — l,---,m. 

i=i 

Proof See [GL]. □ 

B Proof of Lemma 12.11 

The proof follows the standard arguments in statistical mechanics, relating the 
mean entropy and the free energy. (See [BR2] ). 

First we prove p(a) > fi(x) + (a, x) for all x £ R m and a £ R m . This is trivial if 
(j,(x) = — oo. If n(x) > — oo, then for any e > 0, there exists a state uj £ S~ f (A) 
satisfying 

uj(Ai) = Xi, 1 < i < m, s(oj) > pb{x) — e. (33) 

( 2n + !) JZYLl a i H i n 

Using the positivity of the relative entropy < S(u)\A n , T e ^+iTS|^r°IW^ )' 
we get 

2n + 1 1 J 

i— 1 

Taking n — > oo limit, we obtain 

m 

s(uj) + 2J aiCj(Ai) < p(a). 
<=i 

By ([33]), we get p(a) > s(ui) + YT=i a i x i ^ K x ) + {a,x) - e ,x £R m , a£ W n . 
We thus obtain 

p(a) > sup{/x(a;) + (a, x) : x £ M" 1 }. 
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Next we prove p(a) < sup {/i(a;) + (a, x) : x G R m } for all a € R m . We define 
a state p on Md(C) by 

P " _ Tre^™ i Q * A > ' 

From this, we can define a translation invariant state p := (^) z p. We can easily 
see that for y := • • • 

m 

P {a) = S {p) + a iPi A i) < v{v) + («> y) < su p {mOO + (") x ) : « g K ' n } • 

i=l 

Hence we obtain the first equality. 

To prove the second assertion, we recall the following fact: For a function G : 
M m M> [—00, 00], we define its Legendre transform G* : M. m — > [—00, 00] by 

G*(u) := sup{(a,u) - G(a) : a G E m }, u G R m . 

Theorem B.l \ETf Let F be a convex and lower semi- continuous function of 
R m into (—00,00]. Then we have 

p = F**. 

Applying this theorem to F := —fi, we obtain the claim. □ 

C Proof of Lemma 14.11 

Proof It suffices to show the claim for the case that ||/|| < 1, for all / G T. 
For a fixed e > 0, we define a finite sequence of positive numbers <5o, • ■ ■ ,S n in- 
ductively by S n := e and 5 k := iain{^6 D (^-, T k+ i,X k+ i), iM^fc+i, To}> k = 
0, • • • , n — 1. We take <5 < |#o- Let p be a projection satisfying (fT9|) for this S. 
We consider the following proposition (Ak), k = 0, • • • , n — 1: 

(Afe) : There exist positive integers Nj G N, j = 0, • ■ ■ , and 
*-homomorphisms with finite dimensional range h h : C(X) — > M N h(Ij/Ik+x) 
for j = 0, • • • , fe, and iJ fe : — » Mat* , . Kk.AA/Ik+x) satisfying 

\\n k+1 (pv(f)p)®hUf)®---®h k k (f)-H k (f)\\<S k+ i, V/ G T. (34) 
Furthermore, M and H k are of the form 

G Proj(M Ar s ! (Ij/Ik+i)) i = 1, - ■ ■ ,Lj, mutually orthogonal 
C*i G Xj+i, j = 0, ••• ,fc, 



22 



and 



# fe (/) = E/(c^ 

i=l 

e Proj(M N k + ... +N k +1 (A/I k+1 )), i = !,-■■ L k , mutually orthogonal 

C* el, L fc e N, 



with 



TTfc+l 



(?>)©£ 



£?4 = £<?* 



corresponds to the claim of the Lemma. 
We assume that (A k ) holds and prove that (A k +t) holds, for k = 0, • • • ,n — 
2. Applying Lemma [A~3l to {p%}i=\,... ,t>> C M N k(Ij / ' h+i) in (Afc), we can 
find mutually orthogonal projections {p^} i=1 ... L k in M N k{Ij / 'ifc+2) such that 
7rfc + i )fc+2 (p£) = p£. For {gf} i= i,..., L * £ Proj(A/jv fc +...+Ar*+i(^/4+i)) in 

andP fc +i := 7r fc+2 (p)eEfJi Poi©' • '©E2xPw e Proj(M^ + ... + ^ +1 (^/J fc+2 )), 
we have 

/Jg? = 7Tfe+l,fe+2(-Pfc+l)- 
»=1 

Therefore, again by Lemma IA.3[ there exist mutually orthogonal projections 
q k , i = 1, • • ■ ,L k in M N k.„ +N k +1 (A/I k+2 ) such that 



7Tfc+l,fc+2(?i ) = 9 

Now, by in (Afc), we have 

7Tfc+l,fc+2 7Tfc + 2 



. £«? = A+i, 



(35) 



<4+i, V/eJ 7 . 



(36) 



By Lemma [Ol there exist e. ( e Proj(g l fc Mj V fc + ... +A rfc +1 (/ fc+ i// fc+2 )(7 l fe ), « 
1, • • ■ , L and e := 5Ji=i e « such that 



7r fe+2 c^(/)p) © £ ©•••©£ f&ti - £ /(#)«?, 



< 44+1, 

(37) 
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and 



Li 



(1 - e) 7r fe+2 (pp(/)j?) © £ /(£*)!& 



i=i 



(38) 



;.=i 



< 24+1, 



for all j ET . As e commutes with qfs, (j3"T)l means 

i=l i=l 

for all / £ J- . Using this, (IT9|) . and the fact 



< 44+i, (39) 



i=l 



we have 



£p"fei <7Tfe+2(p)© I©"-©!, 

(40) 



i=l 



^+ 2 (*>(/)) © £ ©•••©£ 



t=l 

for all f E J-. Furthremore, as < , i = 1, • ■ • , L k , (|3"5)) means 



< 44+i + 25, (41) 



(i - e) 7r fe+2 © E /(e™)p& © • ■ ■ © E M 1 - e ) - E (9? 



i=l 



i=l 



i=l 



for all / E T. 

Let • C(^"fc+2) — )• M N k_\ |_ A rfc +1 (A//fc + 2) be a *-homomorphism dchned 

by 

j k t k 



Vfe+aCff) := o tp(g) © E ff(£«)flw © ' ' ■ © E 9{&)P. 



i=l 



where g E C(X) is an extension of g E C(Xk+2)- To see that this is well-defined, 
let ,9i,<?2 E C(X) be two extensions of g. Then we have g\ — g2\x k+2 = 0. By 
the assumption ([IS]), we have "Kk+2 f{9i —92) = 0. 
From (|4"Tj) , we have 

|| [ e ^fe+2(/|x fc + 2 )] || < 44+1 + 25 < 65fc+l < 4^(^4+2,^+2, -X"fe+2), 

for all / E T. Therefore, from the condition Djr k+3 of Xk+2, we obtain a 
positive integer N k+1 ' = N v (\5 k+2 , J 7 k+2,X k+2 ), points G X fc+2 , i = 



< 24+i, 
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1) • • • j £fc+ij Ci +1 € -^fc+2, i = 1, • • • , i fc ', and two sets of mutually orthogonal 
projections 

p£+M e Proj(M Jvfc+1 ,(eM^ + ... +JV , +1 ( J 4/7 fe+2 )e)), * = 1, • • • ,L k k +\ 

and 

G Proj(M^ + ^ +1 (eM^ + ... + ^ +1 (A/7 fe+2 )e)) i = 1,- • • ,L fc . 
They statisfy 



L 



fc+l 

fc+i L 



Epfe+M =e0l ^ +1 '' I]^ +1 ' = e® (42) 

i=l i=l 

and 



<^4 +2 , (43) 



for all f e J 7 . As e G Proj(Af^ + ... +W £ +1 (/ fe+ i// fc+2 )), we have € 

Proj(M Ar * + i/ (iSr fc + ... +iSr fc +x) (/fc + i// fc+2 )) andqf +1 G Proj(M (Jvfc+ i/ +1)( j tf * + ... +JNr * +1) (A// k +2)). 
Put iV* +1 := Nj, Lf 1 := if, and := $ G p^ 1 := p* G 

Proj(M N w-i (Ij/Ik+2)) for j = 0, • • • , k, and iV^ 1 := N k+1 ' (N* + ■ ■ ■ + N% + 1). 
We then define unital *-homomorphisms 

hf 1 :C{X)^M N H + ,{I j /I k+2 ) 

L k + 1 



fc+l 

i=l 



for j = 0, • • • , fc + 1, and 



+i 



^' +1 (3) : ~ E 9{Ci)(Qi — e 4 ) © ®M Nh+1 , k+ +Nk+1) (A/i k+2 ) + E 5(C fc+1 ')9 l fe+1 ' = ; E 9(Ci +1 )Qi +1 ■ 
i=i fc »=i »=i 



From (J5HJ), (|i5]l. and ([Ml), we obtain 

1 

3 

for all / G T . Furthermore, by (f3"51 and ((32), we have 



**+2(p¥>(/)p) © /io +1 (/) © ■ • • © - ff fe+1 (/)|| < 24+i + ^4+2 + 84+i < 4+2, 



w(p) © Pot 1 © • • • © E pU 1 ® E p*+m = E 



1=1 



Hence we obtain (j4fc+i). 

With the same argument, it can be easily checked that (Aq) holds. □ 
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D General Interaction 

The infinite ^-dimensional quantum spin system with one site algebra Md(C) is 
given by the UHF C* -algebra 

-c* 



Aw :=(g)M d (C) 

Z" 

which is the C*- inductive limit of the local algebras 

|^ A :=(g)M d (C)| ACT, |A|<oo|. 

Here, | A denotes the number of points in A. For each n, we denote ^-dimensional 
cube [— n, n\ v by A„. Let jj, j G Z" be the j-lattice translation. 
An interaction is a map $ from the finite subsets of 7L V into Aiy such that 
$(X) G .4.x and $(X) = for any X <e Z 1 ". An interaction $ is said to 

be translation-invariant if 

$(x+j) = 7j ($po), vjer, vi^r. 

A norm of an interaction $ is defined by ||$|| = J2x30 I^T* II^POII- 

Corollary D.l Let $1, $2, ••• , $m be a finite set of translation invariant in- 
teractions \\<&i\\ < 00, i = 1,- •• , m, in the v- dimensional quantum spin system 
Ai" . For each i = 1, • • • ,m and n G N, let H itn be an element in A n given by 

Then there exist sequences of self adjoint elements Yi, n G A n , i = 1, • • • , m swc/i 

lim \\H i n - Y i n \\ = 0, 

n— > 00 

[Fi,„,ij,„] = 0, Vi,j = l,--- ,m. 

Proof 

Assume the assertion were false. Then there exists e > such that 

limsup(inf {max^^m {||i7 l; „ - X^ n \\} : X t . n eA n , [X i>n , X jin ] = 0, Vi, j = 1, 

n— ^OO 

(44) 

For this e, by the condition ||$j|| < 00, we may choose MgN large enough so 
that 

]T jxr i n$ J (x)n+ E i^r 1 <§■ («) 

X30,diamX>^M X30,X<£A M 
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For each neN, define 



Kfi := TAfj {Hi, M ) € A n . 



A rjL 



Then for this if^ e A n , by Theorem [TT1 there exist Y^f £ An, i = 1, • • • , m 
such that 



lim ||r^ - = 0, [Y£,Yg] = 0. (46) 
By the standard argument in spin systems (see [OR] for example) we have 

iimsup||#£-.ff in ||< Yl i^r 1 n*iWii+ E ixr'mxn 

X30,diamX>y/M X30,X<£A M 



(47) 



From this and (|46|) . we have 



limsup - iJ m || < -, i = l, 

n— ^oo ^ 



This is a contradiction. □ 
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